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We present analytic formulas for the ground state energy of the two-dimensional {2D) anyon 
gas in the quantum limit of a perpendicular magnetic field (Landau level filling factor vl < 1). 
These formulas, for the cases without and with Coulomb interaction, are obtained by applying the 
harmonic potential regularization for vanishing confinement to the harmonically confined Coulomb 
anyon gas as in our previous paper for the case without magnetic field. For the case without 
Coulomb interaction our analytic expression is exact. It contains a contribution deriving from the 
anyon gauge field (characterizing the fractional statistics by the anyon parameter v) and depends 
on V and vl- For the case with Coulomb interaction we introduce a function, depending on u, vl 
and the density parameter r^, which is determined by fitting to the interpolation formula of Fano 
and Ortolani in the fractional quantum Hall regime for spin-polarized fermions in conjunction with 
results of Yoshioka for the ground state energy of the 2D Coulomb boson gas in high magnetic fields. 
With their dependence on v, our formulas apply not only to fermions (y = \) but quite generally 
to anyons <v < 1). 

PACS numbers: 71.10.Pm, 71.10.Ca, 71.10.Hf, 73.43.Cd 



I. INTRODUCTION 



The two-dimensional electron gas {2DEG) in a per- 
pendicular magnetic field has become a subject of in- 
tense theoretical and experimental investigations due to 
the observation of the (integer and fractional) quantum 
Hall effects (IQHE, FQHE) [S] and of the Spin Hall effect 
(SHE) 0,i observed in semiconductor quantum struc- 
tures. Disorder and Coulomb interaction are responsi- 
ble for the quantum Hall effects, of which the IQHE is 
dominated by disorder, while the FQHE is dominated by 
correlation due to Coulomb interaction 4] , which for frac- 
tional fillings of the lowest Landau level leads to a liquid 
state of quasi-particles obeying fractional statistics (or 
having fractional charges) [a]. For the SHE, the role of a 
weak current-induced magnetic field for the polarization 
of spins at the edges of quasi 2D semiconductors is still 
unclear One can expect that these effects are only 
first observations of interesting properties of 2DEGes, 
in particular of the spin-polarized systems, exposed to 
a magnetic field, which may uncover new aspects of the 
structure of condensed matter. Another object - the 2D 
Coulomb Bose gas may attract attention for the explana- 
tion of High-Tc superconductivity fl\ . Among the prop- 
erties of these systems the ground state energy and its 
dependence on the system parameters is of principal in- 
terest. 



Calculations of the ground state energy of 2D electrons 
in a magnetic field reported in the literature are devoted 
mainly to the FQHE regime. In his pioneering work, 
Laughlin [H demonstrated that in the strong magnetic 
field the energy of spin-polarized electrons can be lower 
than that of a charge-density wave state in the lowest 
Landau level. By assuming no mixing of Landau levels, 
he proposed an approximate expression for the ground 
state energy. By using Monte Carlo simulations for a 
classical one-component 2D plasma, Levesque et al. @ 
obtained a more accurate result than Laughlin. Fano 
and Ortolani corrected this result close to the Lan- 
dau level filling factor w 1 by taking into account the 
electron-hole symmetry. Quantum Monte Carlo calcula- 
tions of the ground state energy were performed for fixed 
values oi < 1 and of the density parameter Vs in 
and ■ With these numerical data an interpolation for- 
mula was found for the interval < < 100 [T^l- The 
ground state energy for the Wigner crystal in a strong 
magnetic field was obtained by Variational Monte Carlo 
calculations [l3| . All these papers provide information 
on the ground state energy of the spin-polarized 2DEG 
in strong magnetic fields and for discrete values of rs. It 
would be desirable, however, to have an analytic (though 
approximate) formula for the ground state energy that 
covers the whole range of the system parameters and ap- 
plies also to particles obeying different statistics. 
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In a previous paper [14| . we have derived an approxi- 
mate analytic formula for the ground state energy of the 
2D Coulomb anyon gas without magnetic field. It was 
obtained from the corresponding result for the harmoni- 
cally confined 2D Coulomb anyon gas by applying a reg- 
ularization procedure for vanishing confinement [l5|. In 
order to account for the fractional statistics and Coulomb 
interaction, we introduced a function, which depends on 
both the statistics and density parameters (y and Vg, re- 
spectively), and determined this function by fitting to 
the ground state energies of the classical 2D electron 
crystal at very large (the 2D Wigner crystal) and of 
the dense 2D Coulomb Bose and Fermi gases at very 
small Tg. Applied to the spin-polarized electron [v = 1) 
and charged boson {v = 0) cases, our analytic expres- 
sion yields ground state energies, which are in reason- 
able agreement with numerical as well as analytic data 
provided in the literature. 

For the harmonically confined anyons [l5| , we have al- 
ready considered the effect of a magnetic field. In the 
present paper, we apply the vanishing confinement regu- 
larization procedure to these results, thus extending the 
calculation of [14 ,1 to the magnetic field case. The formula 
derived in [1^ for the ground state energy of the con- 
fined system (including the magnetic field) differs from 
the field-free case by a parameter, which contains the 
ratio Wq/'^c ^ outlined already in where and 
ujc are the 2D oscillator and cyclotron frequencies, re- 
spectively. Taking into account that the strong magnetic 
field condition for ujc is determined in Ref. |15| for fixed 
numbers of fermions (y = \) and going to the thermo- 
dynamic limit, loq/uJc becomes the Landau level filling 
factor of fermions vl ~ 21^ /r^, where Ih is the magnetic 
length and tq = rsO-B (as being the Bohr radius). In 
the limit of strong magnetic fields {i^l < 1), we obtain 
the analytic expression for the ground state energy per 
particle for the cases without and with Coulomb interac- 
tion. While for the case without interaction it is exact 
and depends on the statistical parameter v, and Ts, 
it is approximate for the case with interaction and de- 
pends on some function of these parameters, as will be 
shown here. We determine this function by fitting to the 
interpolation formula of Fano and Ortolani for the frac- 
tional quantum Hall states p^, which will be modified 
by taking into account the numerical result of Yoshioka 
\yT\ for the ground state energy of 2D Coulomb boson 
gas in the high magnetic field. The dependence on the 
parameter v means to generalize the result of Ref. [loj 
for spin-polarized electrons to anyons. 

In the Sec. [Til we describe and apply the idea of the 
harmonic potential regularization procedure to get, in 
the thermodynamic limit, the analytic expression of the 
ground state energy per particle yet for noninteracting 
anyons in a magnetic field. The expression of this energy 
for the system with Coulomb interaction will be derived 
m the Sec. [Inland we summarize and conclude the paper 
in the last section. 



II. NONINTERACTING CASE 

Let us start with Eq. (28) of our previous work [l^ 

i?„ = iVft(c.„^ + ^|)''Vv2-^iV(A.-l) (1) 

for the minimum energy of N anyons in a parabolic con- 
finement and a magnetic field. In we have specified 
the expression for M for the cases of weak and strong 
magnetic field, for which the analytical dependence of 
Eq on N can be derived. For weak magnetic fields, 
< < LOo/{K{K'- l))i/2 and if > 2 being the number 
of closed shells of anyon quantum states in a harmonic 
potential, we had M = 1 + \v\{N — 1), while for strong 
magnetic fields, Uc > u}o{N — 2)/{N — 1)^/^, (obtained 
for fermions) we had Af — {1 + iy(3{N — l)/2)^. From 
we know already that the harmonic potential reg- 
ularization requires for the case without magnetic field 
luq ~ l/N^^"^. In addition, the number K of closed shells 
increases with the number of particles N to infinity. Thus 
the interval for the weak magnetic field case shrinks to 
zero and no (analytic) dependence of the ground state 
energy per particle, Sq ~ Eq/N, on the magnetic field 
can be obtained. 

Making use of the invariance of the energy expression, 
Eq. ([T]), under simultaneous sign changes of /? = eH/\eH\ 
(the magnetic field direction) and of the anyon param- 
eter v = e(j)/{2Tr(j)o) (see also Ref. HI]) (where (j) is the 
magnetic flux of the anyon gauge field and 0o = e/hc is 
the elementary fiux quantum) we may replace (jv by 
with < < 1. Thus the expression for Af for the case 
of strong magnetic fields reads Af = {I + i'{N — l)/2)^ 
and in the second term of Eq. ([T]) we write v instead of 
uP. Starting from this formula, we apply the harmonic 
potential regularization procedure of |14j to obtain an 
approximate analytic expression for £{) in the thermody- 
namic limit (A'^ — > oo) for noninteracting anyons. 

For the strong magnetic field case, the harmonic po- 
tential regularization leads with wq ~ to a lower 
limit of the cyclotron frequency (or magnetic field) , which 
for N oo becomes independent of the particle number 
A^. For this case, the ground state energy per particle 
takes the form 

In analogy with Ref. [14|. we introduce for the nonin- 
teracting case Wo = fi-f /(MrQN^/^), where now / is an 
unknown constant. Thus in the limit N ^ oo the strong 
magnetic field case is defined by Hcuc > ^^//(-^''o)- 
Keeping in mind that huic = ^^'^ / (Mlfj), this relation re- 
duces to flff/rQ < 1, where flji/rQ can be understood as 
the Landau level filling factor for spin-polarized fermions 
{ly — 1) with / = 2 (we recall here that the strong 
magnetic field condition was obtained for fermions), i.e., 
'^L = 211/ rl 
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Expanding the first term of Eq. ([2]) in powers of 4ujq / 
and substituting wq we obtain in the thermodynamic 
hmit {N — > oo) the exact expression for the ground state 
energy per particle, which is now written in terms of v, 
vl and and in proper energy units {Ry = Me'*/(2ft^)), 



2vvl 



(3) 



We note that £Q{v^VL,rs) is independent of the particle 
number N . The term, which is subtracted on the left 
hand side, is the energy of the lowest Landau level, hwc/l, 
expressed in Ry energy units. The term on the right hand 
side, depending on v and v^, vanishes in both cases when 
we either decrease the anyon parameter v or increase the 
magnetic field. 

Let us recall here the corresponding result for the 
case without magnetic field from our previous work p^ . 
where the harmonic potential regularization has led to 
the ground state energy 



Eo{N ^ oo, J/) = irh^vpN/M 



(4) 



of iV anyons (without Coulomb interaction) in the ther- 
modynamic limit {N — > oo). For spin-polarized fermions 
{v = 1) this is the energy of a filled Seitz circle with radius 
kp = (27rp)^/^ and the areal particle density p. 
Thus Eq. ([U describes the ground state energy of anyons, 
which interact only via the anyon gauge field. In the light 
of this result, we understand £q{v, vl, i"s) (Eq. ([3])) as the 
ground state energy per anyon in the presence of an ex- 
ternal magnetic field and the right hand side of Eq. ([3]) 
as contribution due to the anyon gauge field (or else the 
Pauli principle). To our knowledge, this result is not yet 
reported in the literature. 



III. COULOMB INTERACTING CASE 

In order to include the Coulomb interaction, we start 
from Eq. (50) of Ref. [Tsj . which we write in the form 



with 



2Xq 2 Xq 



uhuJc{N - 1) 
4 

(5) 



Xo = (^ + S)1/2 + [_(1 + B) + 2(A2-^S + S2)1/2]1/2 ^ 

(6) 

where 



A : 

B 



Myi28 + {{cj\f/12f + (A1V128)2)'/'' 
'm^/128 - {icAf/l2f + (XV128)2)'/' 



1/3 

1/3' (7) 



Note that we have replaced v/S by ly (see Sec. |TT| and 

1+^2/(4^2) bye. 



In Eqs. ^ and ^ we use from Ref. fli] (Eq. (32) 
with L = (h/MujoY^^) 



M = - 



CLB 



1/2 



(8) 



While in Ref. a has been introduced as a constant, 
it will become now a function of and r^. In the 

strong magnetic field case, < 1, we use again M = 
(1 -f v{N — l)/2)2 and perform the harmonic potential 
regularization to reach the thermodynamic limit N 00 
(using as in the previous section cjq = fif / {Ma^rlN^/"^) 
with f — 2) and the 2D system. 

In the limit — > 00, we may expand the right 
hand side of Eq. ^ (with Xq from Eq. © and A 
and B from Eq. (O) in the small parameter t = 
(>lVl28)V(cA/'/12)3) by using M, ujq and Af as de- 
scribed before. Up to first order in t this expansion reads 

^ -fo; rV3 /^AAl/2^1/6 l-^l \ "f^cjN - 1) 

(9) 

and provides for — s- 00 the expression (in Ry energy 
units) 



2vvL _ 2^l'^a{v,VL.rs) 



(10) 



for the ground state energy per particle in the case with 
Coulomb interaction. All higher order terms in t on the 
right hand side carry powers of — \M.\/{c^^^}J'^/^) as fac- 
tors and vanish for N ^ 00. Therefore, Eq. pO|) is exact 
in the thermodynamic limit. According to Eq. (jlOp . the 
ground state energy per anyon in the strong magnetic 
field case contains besides the energy of free particles 
hu)c/2 = 2/{vL'f'1) in the lowest Landau level two terms 
on the right hand side, of which the first one is known 
from Eq. ^ , while the second one is due to Coulomb and 
statistical interaction. So far, as in the noninteracting 
case (Eq. ([3])) the ground state energy of the interacting 
anyons depends on i/, and r^. 

To determine a{i>,h'L,fs) we use the Fano and Or- 
tolani formula [13] for the correlation energies of different 
FQHE states of spin-polarized fermions (in Ry energy 
units) 



2V2 



[-0.782133(1 -z^l) 



3/2 



+ (0.683(1 -1.^)2 -(71/8)1/2)^.1/2 
- 0.806i/L(l - J^l)'/'] (11) 



and note that the left hand side of Eq. pOjl should obey 
the following constraints: 

i) In the fermion case = 1), it should be equal to 
the interpolating formula, Eq. (fTTjl . 

ii) For vanishing Landau level filling factor {i^l 0) 
it should become independent of the anyon parameter v, 
because this limit corresponds to the classical 2D Wigner 
crystal. 
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iii) For the boson gas {v = 0), it should reproduce the 
numerical results of Yoshioka (see Fig. 3(b) of [13]) for 
the 2D Coulomb boson gas in the lowest Landau level. 

As it turns out, the results of Yoshioka (except for the 
cusps at fractional fillings) can be interpolated by mod- 
ifying the Fano and Ortolani formula, Eq. (fTTI) . This 
is achieved by replacing (inside of the square brack- 
ets) the second term by (0.683j/(1 - vl)"^ - (^(1 - v) + 
i^{t:/8)^^'^))vI/^ , where A = 0.45, and the third term 
by 0.806(z/ + {1 - v)vl)vl[1 ~ v^f''^. If we denote the 
modified expression of E^'-'{i'l, Ts) as Ec{v, vl^Ts) then, 
by equating the right hand side of the Eq. (fTO|) with 
Ec{v,VL,'rs), one obtains 

a{v,v,rs) = (— I E^{y,vi^,r,)\ . (12) 

We express the ground state energy per particle in 
/Ih energy units. This means in Eq. pT|) to replace 
the common factor 2\/2/?'s by v^j"^ and to change the 
notation of energies from E^^ [u^^rs) and Ec{v,i'L,rs) 
into E^'~^{vl) and Ec{v,vl)^ respectively. In Fig. 1 we 
show the dependence of the correlation energy Eq^u, vl) — 
hjJc/2 (expressed in /Ih energy units) as function of 
for two limiting cases of charged anyon gases: spin- 
polarized fermions {v = 1), for which Edv — ^^vl) = 
E^'^{vl): and bosons (i/ = 0), for which the correlation 
energy is E^iy = 0, vl). The two curves shown represent 
approximate interpolations of the results for fermions and 
bosons in Ref. [l3| but extend these results to the whole 
range of filling factors < j^l < 1. 

Thus Eq. (fTO|) together with Eq. ((T2l) represents the 
analytic formula for the ground state energy of charged 
anyons in the quantum limit of an applied magnetic 
field. By comparing with the corresponding result for 
free anyons (see Eq. ([3]) in Sec. [lT|, we can ascribe the 
second term on the right hand side of Eq. (|10p to the 
Coulomb interaction in the presence of a high magnetic 
field. 



IV. CONCLUSIONS 

We have derived analytic formulas for the ground state 
energy of the Coulomb anyon gas in a perpendicular 
strong magnetic field. Following the concept of our previ- 
ous paper for the case without magnetic field, we applied 
the harmonic potential regularization to the harmonically 
confined 2D Coulomb anyon gas in the magnetic field. 



This concept is based on flattening out the confinement 
potential with simultaneously increasing of the particle 
number to reach the thermodynamic limit. For the non- 
interacting anyon system we derive an analytic expression 
for the ground state energy per particle, which applies to 
the high magnetic fields and is exact in the thermody- 
namic limit. It contains a contribution from the anyon 
gauge potential, which was not known so far. For the 
interacting anyon system our analytic energy expression 




FIG. 1: Correlation energy per particle in the lowest Lan- 
dau level (expressed in jln energy units) vs. Landau level 
filling factor vl for spin-polarized fermions, Ea(y = = 
E^'^{ul), (solid line) and for bosons, Ec{iy' = 0,ul), (dashed 
line) . 

contains an unknown function, which is determined by 
fitting to the modified interpolation formula of Fano and 
Ortolani, which takes into account the ground state en- 
ergy of 2D Coulomb boson gas in the high magnetic field. 
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